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Legends: �State of the art •Contribution

�1. Basic Lambek-Grishin
calculus (LG) [Moo09, MM12]

Residuated non-associative non-commutative tensor

B ≤ A \C iff A ⊗ B ≤ C iff A ≤ C /B (1)

+ Co-residuated non-associative non-commutative cotensor

C � B ≤ A iff C ≤ A ⊕ B iff A � C ≤ B (2)

�2. Weakening relation [KMJ19] 4: A−7→B
Relation 4⊆ A × B on two ordered sets such that

A ′ ≤A A A 4 B B ≤B B′
A ′ 4 B′

(3)

Interprets heterogeneous sequents
Orders are homogeneous weakening relations

•3. Fully polarized LG algebra (FP.LG)
4 ordered sets and 5 heterogeneous weakening relations
Shifts ↓, ↑ and their adjoints �, �
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• LG operations (§1.) and their `, r-variants (§4.)
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•All cut-free* derivations
of focused Display
Lambek Grishin
calculus (fD.LG)

are strongly focalized

and

•fD.LG is sound and
complete w.r.t.
fully polarized

Lambek-Grishin algebras
with heterogeneous

consequence relations.

�4. Multi-type Proper Display calculus
[GJL+19, FGK+16]

Every substructure of any sequent can be equivalently displayed

` iff
`
or
a

• `, r-variants for display in focused phase,
• e.g. X ⊗̂ Y ` Z iff X 
̇ Z /̌` Y
Canonical cut-elimination theorem ( =⇒ subformula property)

Future work: Extension to heterogeneous sequents, like fD.LG

5. Full polarization: 4 types
� Polarization [Bas13]: positive (left adjoint) vs. negative (right adjoint)

LG-connectives
� Shifts ↓ and ↑ to change the polarity (see (4))

Pure positive P ::= p | P̊ ⊗ P̊ | P̊ � N̊ | N̊ � P̊
Pure negative N ::= n | N̊ ⊕ N̊ | P̊ \ N̊ | N̊ / P̊
Shifted positive Ṗ ::= ↓N
Shifted negative Ṅ ::= ↑P
General formulas P̊ ∈ {P , Ṗ} N̊ ∈ {N, N̊}

(5)

• Fullness: pure vs. shifted, to prevent double shift

�6. Strong focalization [And01, Lau17]
Uninterrupted proof-sections of tonicity rules (⊗R, �R, �R, ⊕L, \ L,
/ R) focusing on only 1 formula (in purple)
Intermediate phases: translation rules and structural rules (in gray)

Strongly focal-
ized derivation:

. . .

...
...

Focused phase

Non-focused phase

...

• Shifts mediate phase transitions
• Operational witnesses in the end sequent

∗ `, r-variants harmlessly not considered for strong focalization
=⇒ No irrelevant permutations: identity-of-proof property

•7. fD.LG (overview)

↑̂X � ↑PX ` P

X 
̇ ∆̇ ↑̂P � ∆̇

↑̂P 
. ∆

↑P � ∆̇

X ` ∆X 
̇ ↓̌N
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Figure: Diagram of phase transitions. Represented: shift rules

(
R
−→), invertible rules (↔), tonicity rules (teleporters (
, (→), non-focused sequents in the grey rectangle, fo-
cused sequents outside of it

np ` np s ` s
\ L np \ s ` np \̌ s
sleeps ` np \̌ s

↓L
↓sleeps � ↓̌ (np \̌ s)

↓̌
↓ sleeps 
. np \̌ s

⊗̂ a \̌ np ⊗̂ ↓ sleeps ` s
⊗̂ a /̌

np ` s /̌ ↓ sleeps
↑̂
↑̂ np 
. s /̌ ↓ sleeps

↑L
↑ np 
. s /̌ ↓ sleeps

n ` n
one ` n

/ L
↑ np / n ` (s /̌ ↓ sleeps) /̌ one
every ` (s /̌ ↓ sleeps) /̌ one

↓L
↓every � ↓̌ ((s /̌ ↓ sleeps) /̌ one)

↓̌
↓ every 
. (s /̌ ↓ sleeps) /̌ one

⊗̂ a /̌
↓ every ⊗̂ one ` s /̌ ↓ sleeps

⊗L
↓ every ⊗ one ` s /̌ ↓ sleeps
everyone ` s /̌ ↓ sleeps

⊗̂ a /̌
everyone ⊗̂ ↓ sleeps ` s

↓̌
everyone ⊗̂ ↓ sleeps 
̇ ↓̌ s

↓R
everyone ⊗̂ ↓ sleeps 
̇ ↓ s

Figure: Derivation of Everyone sleeps in
fD.LG.


