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Abstract
A dynamic analysis of modalized questions faces several difficulties. When an existential

modality scopes over the wh-phrase, two kinds of phenomena are observed. First, the
external staticity of the modal operator prevents the wh-phrase from being referred back to
in indicative follow-up sentences. Anaphoric reference to the wh-phrase should yet be allowed
through modal subordination. Second, exhaustivity and global presuppositions are weakened
in modalized which questions, leading to mention-some readings and local presuppositions.
We design a model capturing these two desiderata, based on dynamic inquisitive semantics and
stack-based semantics for local contexts. Our model provides a uniform analysis of modalized
and conditional questions using the Kratzerian theory of modality. It also correctly predicts
discrepancies in presupposition projection between modalized and conditional questions.

1 Modalized Questions

1.1 Possibility Weakens Questions

Singular which questions have a uniqueness presupposition (Higginbotham and May 1981; Dayal
1996). For example, (1-b) carries the presupposition that a single letter is hidden in the actual
world. Either the true answer is R (for FORM), or it is A (for FOAM).

(1) a. situation: Alice and Bob are playing a game. Alice wrote a mystery English word
of 4 or 5 letters on the board, but her hand hides a part of it. The skeleton is FO M.

b. Alice: Which letter is hidden here?
c. Alice: Which letter could be hidden here?

Hirsch and Schwarz 2019 observed that this presupposition is weakened with an existential
modality operator. Modalized question (1-c) does not presuppose that there exists a single letter
that is actually hidden. But it still presupposes something, which could be paraphrased as:
For each possible answer, a single letter is hidden. Roelofsen and Dotlačil 2023 call this a local
presupposition.

Moreover, as opposed to (1-b), where only one true answer exists in every world, several true
answers are possible for (1-c) in the actual world. We could answer (1-c) by saying A, R, or a
distributive conjunction or disjunction A and/or R. Ultimately, question (1-c) requires some
information about the content of the English lexicon, not about the actual mystery word. In
particular, the hidden letters might actually be RU (for FORUM). But (1-c) presupposes that
the English lexicon does not only have RU as possible completion.

Plural which questions are strongly exhaustive (Groenendijk and Stokhof 1984). For example,
in (2-b), Mary requires the whole set of eczema patients.

(2) a. situation: Mary would like to experiment with two or three patients with eczema.
She asks Ann, who knows the medical files of all patients with skin conditions in the
hospital, a question.
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b. Which patients have eczema?
c. Which patients could I invite for my experiment?

However, in modalized question (2-c), Mary is open to a non-exhaustive set of eczema patients.
Modalized plural which questions allow mention-some readings. Xiang 2016 observed this
phenomenon, and Xiang and Cremers 2017 confirmed it through quantitative data.

We follow the analysis of Hirsch and Schwarz 2019 claiming that these phenomena are
explained by the modality operator scoping over the which phrase.

1.2 Modal Subordination with Modalized Questions

In declarative sentences, a modal scoping over an indefinite blocks its anaphoric potential
(Karttunen 1969). However, modally subordinated sentences have access to the embedded
antecedent (Roberts 1989). We observe the same with modalized questions.

Under the reading of (3-b) where Hansel is not asking What is the specific animal which might
eat us?, but where he focuses on imagining a scenario, response (3-c) feels off. The discourse
referent u raised by whichu under the scope of might cannot be accessed in this indicative
sentence. However, in sentence (3-d), u can be referred to by itu because of modal subordination.

(3) a. situation: Hansel and Gretel are walking in the woods. They saw scary shadows
and heard noises. They believe that child-eating animals are hiding in these woods.

b. Hansel: Whichu animal might eat us? (might > which reading)
c. Gretel: ?I don’t know, but itu is very large.
d. Gretel: I don’t know, but itu would eat you first.

2 Previous works

Our goal is to define an existential modal operator in dynamic semantics that captures all these
properties. It has (1.) to be externally static while (2.) still allowing modal subordination. It
has (3.) to obviate the global uniqueness presupposition while still providing a local one. Finally,
it has (4.) to be able to turn a mention-all question into a mention-some one.

Previous dynamic semantic models do not account for all four desired properties. The
dynamic model of questions and modalities of Groenendijk 1998; Groenendijk, Stokhof, and
Veltman 1996 satisfies (1.) without allowing (2.). van Rooij 1998 manages to encode modal
subordination (2.), but the DPPL substrate (from van den Berg 1996) does not structurally
provide external staticity (1.). Similarly, Brasoveanu’s (2010) account of modal subordination
fails to model in which worlds individual discourse referents are not accessible.

In appendix A, I briefly discuss another issue of previous definitions of modals in dynamic
semantics, which is solved by using Kratzer 1991 theory.

2.1 Stack-based Treatment of Local Contexts

Implementing externally static modal operators prompts us to be able to retrieve modal local
contexts somehow (Stalnaker 1981). Many authors resolve local context as anaphora, using
world referents (Brasoveanu 2010; Hofmann 2019) or context referents (Frank 1997; Geurts
1999). Kibble 1998 and Asher and McCready 2007 claim that, unlike individual anaphora, modal
local contexts are more restricted and have no real resolution ambiguity. Here, we follow their
arguments and opt for a different system.

We adopt a stack-based semantics (Kaufmann 2000). Sentences are denoted by functions
updating macro-contexts τ . A stack τ contains local contexts. The bottom element c0 corresponds
to the common ground. Modal operators push on top of τ a new local context, which can contain
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more discourse referents than c0. A follow-up modal sentence is evaluated in that topmost local
context. Indicative sentences presuppose that the topmost element is c0. We assume here that
popping elements out of τ is performed by pragmatics (e.g. via discourse relations (Asher and
Lascarides 2003)).

Isaacs and Rawlins 2008 use Kaufmann’s (2000) system to model modal subordination of
conditional questions within partition semantics (Groenendijk and Stokhof 1984). Hara and Sano
2017 revise their model to provide better predictions for conditional questions, using inquisitive
semantics (Ciardelli, Roelofsen, and Theiler 2017; Ciardelli, Groenendijk, and Roelofsen 2018).
We extend their approach by (i.) adding referents in the model, by upgrading to dynamic
inquisitive semantics InqD

B (Dotlačil and Roelofsen 2019; Dotlačil and Roelofsen 2021); (ii.)
defining the denotation of modals in InqD

B based on Kratzerian theory; and (iii.) specifying their
presuppositions and actions on stacks.

The choice of InqD
B is motivated by another factor. Socolof, Hirsch, and Schwarz 2020 showed

that exhaustivity and presupposition weakening also happen with disjunction. InqD
B was proven

to be able to model desiderata (3.) and (4.) for disjunction (Roelofsen and Dotlačil 2023).

3 Modal Dynamic Inquisitive Semantics

3.1 Inquisitive Possibility

In Kratzerian theory, every world is equipped with a modal base (a set of classical propositions)
and an ordering source. Due to the lack of space, we only focus on the modal base f here. For
each world w ∈W , call µ(w) = ⋂ f(w) the modal set at w. The intensional denotation of ◊ is
(1), with Rµ being the accessibility relation associated with µ.

J◊φKInt = {w ∈W ∣ µ(w) ∩ JφKInt ≠ ∅} = R−1
µ (JφK)

where R−1
µ (s) ∶= {w ∈W ∣ µ(w) ∩ s ≠ ∅} (1)

The inquisitive existential modality (2) proposed by Ciardelli 2016, § 7.1 is sensitive to the
inquisitiveness of its complement but produces non-inquisitive propositions. Yet, a modalized
question is questioning. Therefore, we propose another definition (3). By inverting quantifiers ∀
and ∃, we let inquisitiveness project from φ to ◊φ. In this different modal inquisitive semantics
(MInqB), a set of worlds s resolves ◊φ iff s resolves some ◊ψ, where ψ is a proposition resolving
φ.

J◊φKInqBK = {s ⊆W ∣ ∀w ∈ s. ∃s′ ∈ JφKInqBK. µ(w) ∩ s′ ≠ ∅} (2)
J◊φKMInqB ∶= {s ⊆W ∣ ∃s′ ∈ JφKMInqB. ∀w ∈ s. µ(w) ∩ s′ ≠ ∅} (3)

={s ⊆W ∣ ∃s′ ∈ JφKMInqB. s ⊆ R−1
µ (s′)} (4)

To illustrate this definition consider example (4).

(4) a. situation: Mary supervised an exam for students a and b. Mary and John know
that exactly one student cheated. John knows that Mary saw one or both of them
suspiciously looking at their pencil case during the exam. This counts as a cheat
suspicion. He asks her about that.

b. john: Which student may have cheated?

Let’s model this situation with four worlds. The subscript x of world wz
x is the real cheater: a

or b. The superscript z is the set of students Mary saw suspiciously looking at their pencil case:
a, b or ab (i.e. a and b). World wz

x is accessible from wz′

x′ iff. z = z′. The semantics of (4-b) in
this model is the issue on the right in Fig. 1.
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J∃∃x.cheated(x)KMInqB

wab
a wab

b

wa
a wb

b

J◊(∃∃x.cheated(x))KMInqB

wab
a wab

b

wa
a wb

b

Figure 1: Illustration of the semantics of (4-b) in MInqB. Arrows represent the accessibility relation Rµ.

The alternatives of the prejacent φ are projected to ◊φ by mediation of R−1
µ . If the accessibility

relation Rµ is an equivalence relation, R−1
µ (s) contains s. Hence, output resolving proposition s

is wider than prejacent resolving proposition s′. This widening is what weakens the question.1

3.2 Dynamic Inquisitive Possibility

In GSV, the dynamic semantics of Groenendijk, Stokhof, and Veltman 1996, information states
s are sets of pairs ⟨w, g⟩ of a world w and an assignment function g. A Kratzerian externally
static denotation of ◊ in GSV would be (5).2 It restricts the input information states s to the
possibilities whose world content is in relation Rµ with the world content of some possibility in
JφKMGSV.

J◊φKMGSV ∶= s↦ {⟨w, g⟩ ∈ s ∣ ∃⟨w′, g′⟩ ∈ JφKMGSV(s). w′ ∈ µ(w)} (5)
= s↦ {⟨w, g⟩ ∈ s ∣ w ∈ R−1

µ (WC(JφKMGSV(s)))} (6)

where the world content of an information state is defined as WC(s) = {w ∣ ∃⟨w, g⟩ ∈ s}.
Putting all together, we obtain a denotation of ◊ in Modal Dynamic Inquisitive Semantics

MInqD
B as (7), where a context c is a downward-closed nonempty set of information states.3

◊U ∶= c↦ {s ∈ c ∣ ∃s′ ∈ U(c). ∀⟨w, g⟩ ∈ s. ∃⟨w′, g′⟩ ∈ s′. w′ ∈ µ(w)} (7)
= c↦ {s ∈ c ∣ ∃s′ ∈ U(c). WC(s) ⊆ R−1

µ (WC(s′))} (8)

Formula (8) has the same form as the definition of ◊ in MInqB (4). The only difference is
the presence of the world content projection WC, so that the inclusion is an inclusion between
sets of worlds.

3.3 Pushing and Percolating

The syntactic language of our model MInqD
B has two formula sorts. The first formula sort is type

k → k, where k is the type of contexts. Formulas of dynamic inquisitive semantics InqD
B have this

type. By taking ℓ the type of stack of contexts τ = ⟨c0, ..., cn⟩, the second sort of formula is of
1Information state widening was also advocated by Giannakidou and Mari 2019 for questions with an overt

possibility modal.
2In formula (5), quantified assignment g′ is independent from g. This allows us to solve the modal identity

problem (Beaver 2001, § 8.3.1). For example, in the following discourse, interpreting both itu in (i-b) and (i-c)
with the same assignment g leads to a contradiction because g(u) cannot equal A and R. The modality operator
must thus make it possible to evaluate itu in (i-b) with another (accessible) assignment. This is unnecessary for
universal modality (13).

(i) a. Au letter is hidden.
b. Itu might be R.
c. But itu is A.

3Here, for simplicity, we do not take assignment matrices as in Dotlačil and Roelofsen 2021, but simple
assignments. Note that it would work the same.
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type ℓ → ℓ, i.e. macro-context update functions. Like Kaufmann 2000, we take modals to be
operators of type (k → k)→ (ℓ→ ℓ). After pushing a new local context, modals percolate the
information (but not referents) to lower contexts, viz. (9).

JifKMInqD
B
∶= U ↦ push U

JthenKMInqD
B
= JwouldKMInqD

B
∶= U ↦ push U ; perc U

JmightKMInqD
B
= JcouldKMInqD

B
∶= U ↦ push U ; perc ◊U

(9)

where ℓ→ ℓ conjunction is defined as T ;S ∶=τ ↦ S(T (τ)).
The analyses of Roberts 1989 and Gillies 2004 for conditionals and modal subordination are

given in (10).
if φ, then ψ ↝ ◻(φ→ ψ)

if φ, then might ψ ↝ ◻(φ→ ◊ψ)
might φ, would ψ ↝ ◊φ ∧ ◻(φ→ ψ)

(10)

To obtain these predictions, we define the percolation of a context update function U as
follows. perc U applies U on the penultimate context cn−1 and modal conditionalization wrt.
cn−1 and U on lower ones (11). Intuitively, c[c′ ⊢ U] is context c after learning that if c′ then U .

push U ∶= λ⟨c0, ..., cn⟩. ⟨c0, ..., cn,U(cn)⟩
perc U ∶= λ⟨c0, ..., cn−2, cn−1, cn⟩. ⟨c0[cn−1 ⊢ U], ..., cn−2[cn−1 ⊢ U],U(cn−1), cn⟩

(11)

with c[c′ ⊢ U] defined as (◻(c′ → U))(c). Universal modality and implication (13) are consistent
with InqD

B and (7).4

c′ → U ∶= c↦ {s ∈ c ∣ ∀t ⊆ s.∀t′ ∈ c′. t ⊑ t′ → t′ ⊏9 U(c′)}
◻U ∶= c↦ {s ∈ c ∣ ∃s′ ∈ U(c). ∀⟨w, g⟩ ∈ s. ∀w′. w′ ∈ µ(w)→ ⟨w′, g⟩ ⊏9 s′} (13)

3.4 Meeting the Requirements

As an illustration, let’s interpret sentence (5-a) in our model. Like Roelofsen and Dotlačil
2023, I assume functional heads. Focus head Focu provides the witness request operator ?u.
Interrogative clause type head Int ensures non-informativeness, by providing the presuppositional
closure operator † (Roelofsen 2015). To weaken the uniqueness presupposition, we require the
modality to raise above Focu but below Int, hence logical form (5-b).

(5) a. Whichu letter could be hidden in FO M?
b. Int (could (Focu (whichu letter hidden)))
c. T = †(push V ; perc ◊V), with V = [u]; atom{u}; letter{u}; hidden{u}; max{u}; ?u

The denotation of formula (5-c) is illustrated in Fig. 2.
Referent u introduced by U is not projected to the common ground c0, ensuring external

staticity (1.). A subsequent modal operator has access to the topmost local context c1, containing
assignments defined on u, thus ensuring modal subordination (2.).

In InqD
B , mention-all reading is triggered by the interaction between the exhaustivity operator

max, provided by which, and the witness request operator ?u, creating the alternatives. Context
c1 = V(c0) contains the alternatives “d is hidden” for every single letter d. Crucially, ◊ projects
this inquisitiveness onto c′0. In c′0, the alternatives “A can be hidden” and “R can be hidden”
overlap on {w∗A,w∗RU ,w

∗

R}, creating a mention-some reading (4.).
4Extension ⩽ and subsistence are ⊏9,⊑ are defined as follows. Notation ⊏9,⊑ is taken from Dekker 1992.

⟨w, g⟩ ⩽ ⟨w′, g′⟩ if w = w′ ∧ g ⊆ g′ i ⊏9 s′ if ∃j ∈ s′. i ⩽ j
s ⩽ s′ if ∀j ∈ s′,∃i ∈ s. i ⩽ j s ⊑ s′ if s ⩽ s′ ∧ (∀i ∈ s. i ⊏9 s′)

s ⊏9 c′ if ∃s′ ∈ c′. s ⊑ s′
(12)
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World w wA
A w∗A w∗RU w∗R wR

R wRU
RU

Words with
skeleton
FO M

in English

FOAM
FOAM,
FORM,
FORUM

FOAM,
FORM,
FORUM

FOAM,
FORM,
FORUM

FORM FORUM

Actual word
on the board FOAM FOAM FORUM FORM FORM FORUM

Modal set
µ(w) {wA

A} {w∗A,w∗R,w∗RU} {w∗A,w∗R,w∗RU} {w∗A,w∗R,w∗RU} {wR
R} {wRU

RU }

Table 1: Illustration model M made of the set of worlds W = {wA
A, w∗A, w∗RU , w∗R, wR

R, wRU
RU }.

wA
A w∗A w∗RU w∗R wR

R wRU
RU

[] ● ● ● ● ● ●c0:

T

wA
A w∗A w∗RU w∗R wR

R wRU
RU

[u/A]
[u/R] ●

●
●
●

●
●

●
●

●
●

●
●

wA
A w∗A w∗RU w∗R wR

R wRU
RU

[] ● ● ● ● ● ●c′0:

c1:

Figure 2: Diagram of the actions of the semantics of question (5-a) in model M on initial stack τ0 = ⟨c0⟩. We
only represent alternatives of contexts, as sets of dots. A dot represents a possibility, i.e. a pair of a possible word
(in abscissa) and an individual assignment function (in ordinate).

World w∗RU is included in the alternatives of c′0. Thus, global presupposition is obviated.
However, if we take c′′0 = ℘({⟨w, []⟩ ∣ w ∈W})5, T is undefined on stack ⟨c′′0 ⟩, because of world
wRU

RU , where no single letter can fit in skeleton FO M. The † operator (14), by applying on
every element τi of stack τ , ensures local uniqueness presupposition (3.).

†S ∶= τ ↦ { S(τ) if ∀i < ∣τ ∣. ⋃ τi ⊑ ⋃S(τ)i
undefined otherwise (14)

Finally, our model allows us to compare (5-a) with (6). The conditional antecedent introduces
a context where wRU

RU is excluded. Thus, †, provided in the consequent, acts vacuously. It
correctly predicts that both (5-a) and (6) have the same effect, except for one point: (6) has no
presupposition.

(6) If av single letter is hidden, whichu letter is itv?

4 Conclusion

We designed a modal dynamic inquisitive semantics which accounts for exhaustivity and pre-
supposition weakening of modalized questions. It also captures modal subordination with an
externally static existential modal. To do so, we used stack-based semantics, allowing us to treat
conditional and modalized questions uniformly.

Acknowledgements. I am grateful to Floris Roelofsen, Reinhard Muskens, and Philippe de
Groote for precious feedback about this work.

5[] is the empty assignment, and ℘ the powerset operator.
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A Non-Distributive Test Semantics for Modals
A side issue of previous dynamic semantics of modals concerns their non-distributive test
interpretation. The definition advocated by Veltman 1996, and used by Dekker 1992; Groenendijk,
Stokhof, and Veltman 1996; van Rooij 1998; Kaufmann 2000; Beaver 2001; Asher and McCready
2007, considers that epistemic possibility ◊φ is a test: if φ is true at some world w ∈ s, then
J◊φK(s) = s, otherwise J◊φK(s) = ∅. This has several drawbacks.

First, it fails to model other modal flavours, like circumstantial or deontic modalities. Second,
it fails to model knowledge variations because it assumes that all worlds are accessible from
any world. Finally, it implies that a modalized declarative either brings no at-issue information
or leads to a contradiction. As a consequence, Veltman’s (1996) existential modality cannot
account for weakenings (3.) and (4.). Worse, extending this definition to inquisitive semantics
would prevent an interrogative formula ψ from raising alternatives because JψK would either
output the input context or the contradiction state.

We argue against modelling modals as tests, for both declaratives and interrogatives. Modal-
ities can safely remove possible worlds from the global context. For example, sentence S in (7)
does provide some new (non-contradictory) at-issue information about the content of the English
lexicon. Suppose we are in an initial information state s which contains the actual world plus a
world wR

R (see Tab. 1) where, in English, the only word of the form FO M is FORM. Then,
updating s with JSK should remove wR

R from s. With a test, on the contrary, updating s with
JSK would not remove wR

R. This is unwanted.

(7) A vowel can be inserted in FO M to make an English word.

We can solve these problems by adopting a Kripkean accessibility semantics for modals (Kripke
1959), and more generally, Kratzerian theory of modals (Kratzer 1977; Kratzer 1991). Our
account is both eliminative and distributive.6
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